Using the generalized uncertainty principle, we calculate the entropy of the charged dilaton-axion black hole for both asymptotically flat and non-flat cases by counting degrees of freedom near the horizon. The divergence of density of states and free energy appearing in the thin film brick-wall model is removed without any cutoff. The entropy proportional to the horizon area is derived from the contribution of the vicinity of the horizon. 
Introduction
Three decades ago, Bekenstein [1] [2] [3] suggested by thermodynamic analogy that the entropy of a black hole is proportional to the area of its horizon. Subsequently, Hawking [4] [5] [6] discovered, by considering the evolution of quantum fields around black holes, that they indeed radiate thermally. Hawking radiation confirms the thermal characteristics of the black hole and Hawking has proved that the entropy of the Schwarzschild black hole satisfies the area-entropy law. It remains, however, to explain the statistical origin of the entropy. After Bekenstein and Hawking's works, the brick-wall model (BWM) with the Heisenberg uncertainty principle (HUP) was put forward by 't Hooft [7] . In this approach, the black hole geometry is assumed to be a fixed classical background in which quantum fields propagate, and the black hole entropy is identified with the statistical-mechanical entropy arising from the thermal bath of quantum fields propagating outside the event horizon, and evaluated in the WenzelKramers-Brillouin (WKB) approximation (and later improved to study cosmological perturbations beyond the lowest order [8, 9] ). This method has obviously improved our understanding of the statistical origin of black hole entropy, and it has been applied to the various black hole models whose external fields should be in thermal equilibrium [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . But the quantum state density diverges near the event horizon. To remove the divergence, the ultraviolet cutoff is introduced manually, which looks unnaturally arbitrary. Then, by investigating the cutoff and the physical meaning of the event horizons, the original BWM is improved to the thin film brick-wall model [28, 29] . The thin film BWM can be used in nonequilibrium systems and gives more thermal characteristics of the black holes, especially in relation to the event horizons of black holes, but the arbitrary cutoff cannot be avoided yet. Recently, many efforts [30] [31] [32] [33] [34] [35] [36] [37] [38] have been devoted to the generalized uncertainty relations. In particular, quantum theory can transform the Heisenberg Uncertainty Principle into a generalized uncertainty principle (GUP) when gravity is turned on. Introducing the GUP to the calculation of various black hole entropies [39] [40] [41] [42] [43] [44] [45] , the state density and entropy near the event horizon are convergent without any cutoff. The general position-momentum uncertainty relation followed by the GUP is given by [30] 
where is the Planck constant, λ is the order of the Planck length. Eq. (1) means that there is a minimal length 2
Based on the GUP, the number of quantum states in the integrals 3 3 is given by [33] 
where 2 = = 1 2 3. In this paper, we take into account the effect of the GUP on the state densities and the entropies in both asymptotically flat and non-flat cases on the background of the charged dilaton-axion black hole spacetime. We adopt the thin film BWM to calculate the entropies of the both cases separately, and the brick walls are located at the Planck length from the event horizon. Then, by using the residue theorem, both final results of entropies are proportional to the horizon areas without any cutoff. This paper is organized as follows. In the next section, we will briefly review the charged dilaton-axion black hole. Then we will calculate the black hole entropies for both two cases, by using the thin film BWM with the GUP in Section 3 and Section 4, respectively. Finally, we will give the conclusions in Section 5. Over the whole paper we take the simple function form of temperature and units ( = = G = K B = 1).
Charged dilaton-axion black holes
The charged dilaton-axion black hole spacetime is given by Sourav Sur et al., and the metrics have been discussed at length in Ref. [46] . Before calculating the entropy of black hole, we briefly review the work. Let us start with a generalized action for two scalar fields coupled with an Einstein-Hilbert-Maxwell field in four dimensions
where = 8πG, R is the curvature scalar, F µν is the Maxwell field, F µν is the dual Maxwell field, ξ are two massless scalar/pseudo-scalar fields which couple to the Maxwell field with arbitrary functional dependence given by α( ξ) and β( ξ). Our motivation for choosing this course of action is rooted in string low energy effective field theory where the two massless scalar/pseudo-scalar fields namely dilaton/axion indeed couple to the Maxwell field in a specific way.
The Einstein field equations corresponding to the above action Eq. (3) can be expressed as
For the static spherical symmetric black hole solutions, the Maxwell equations (7) and (8) can be integrated to yield the non-vanishing components
The integration constants and can respectively be interpreted as the scalar field shielded electric and magnetic charges, defined in the usual way
where the integrals are over a two-dimensional space S, bounding a three-dimensional hypersurface, pushed to spatial infinity. Therefore, in the static spherical symmetric spacetime the field Eqs. (4)- (8) reduce to
where a prime denotes a derivative with respect to . Therefore, under the conditions of additivity and linearity, the static spherical symmetric black hole solutions for the asymptotically flat and non-flat cases can be obtained. Next, we will calculate the black hole entropies for both cases in the following two sections, respectively.
Entropy of an asymptotically flat dilaton-axion black hole
The line element of the metric for the asymptotically flat dilaton-axion black hole is given by [46, 47] 
Various parameters for the asymptotically flat case are given as
and
where M is the mass of the black hole and = 1 for the asymptotically flat case. ± are the constants of integration, and in order that at least one horizon exists, one must have + > 0 . It is obviously that there is a point (curvature) singularity at = 0 , and such a singularity must obviously be naked unless, at the least, there is a horizon at + . In this paper, we only consider the special case with a regular black hole horizon at H = + . In this background, we consider a massless and minimally coupled quantum scalar field that is propagating in the the line element (17) , such a field satisfies the Klein-Gordon equation
where Φ is the scalar field.
Substituting Eq. (17) into Eq. (22) and introducing the variable Φ = (− )Ψ( θ ), we obtain
By using the WKB approximation with Ψ ∼ exp[ S( θ )], we have
where the radial wave number, the angular wave number (which corresponds to angular quantum number in the spherical spacetime case) and the azimuthal wave number (which corresponds to magnetic quantum number in spherical spacetime) can be expressed, respectively, by
Furthermore, we obtain the square modulus of momentum as follows
In this paper, we are only interested in the contribution from the thin layer near the horizon [ H H + ε] (ε is an infinitesimal thickness), which corresponds to a proper distance of order of the minimal length, 2 √ λ. We know that the thin layer near the horizon is just the part neglected in the BWM. We have the relation between the thickness factor ε and λ as follows
(27) where is the surface gravity at the horizon of the asymptotically flat dilaton-axion black hole and it is identified as = 2πβ −1 , and β can be calculated from the metric Eq. (17), namely β = 4π[ (
Then, from Eq. (2) and considering Eq. (26), the number of quantum states with energy less than is given by
It is obvious that Eq. (28) converges at the horizon. This is why the brick-wall cutoff is not necessary in our calculation.
According to canonical assembly theory, the free energy of a scalar particle can be expressed as
In terms of the semi-classical theory and assuming that the energy is continuous, we replace the sum by integration and substitute Eq. (28) into Eq. (29) . Then
The entropy is obtained as
where
and = β = X , and
when → H , → 0. The integral equation I( ) can be solved with the standard residue theorem in complex space. The integrand G( ), which is an even function and now extended to the complex plane, has a removable pole at = 0; a third-order pole at = ± with = 2 π ( = 1 2 3 ), whose residue is 1 2π
and a second-order pole at = 2 π ( = 1 2 3 ), its residue given by 1 2π
When → 0, the sum of all the residues for G( ) can be obtained. Thus, when → H we get the entropy of asymptotically flat dilaton-axion black hole
denotes the area of the asymptotically flat dilaton-axion black hole horizon. If in the system of Plank units = 1, it is easy to get the result that the entropy of this black hole is 1/4 times the area of its horizon when λ = 1/(12π).
Entropy of asymptotically nonflat dilaton-axion black hole
Using the thin film BWM along with the GUP, we have calculated successfully the entropy of asymptotically flat dilaton-axion black hole in Section 2. In this section, we will extend our calculation for the asymptotically non-flat spacetime. The line element of metric for the asymptotically non-flat dilaton-axion black hole can be written as [46, 47] (
and the other parameters are as for the asymptotically flat case. Here = 0 for an asymptotically non-flat case.
As for the asymptotically flat case, the integral equation I( ) can be solved with the residue theorem. Therefore, we obtain the entropy of asymptotically non-flat dilaton-axion black hole while
where 
Conclusions
It is well known that, in usual quantum mechanics, the Heisenberg position-momentum uncertainty relation includes no consideration for gravity. Both position and momentum can't be completely specified by measure in the same time. For example, if → 0, we can get = 0. If, however, gravitational effects are considered, there enters an unavoidable minimal length proportional to the Planck length in string theory. The generalized uncertainty principle sheds much new light on quantum systems.
In this paper, we have studied statistical mechanical entropies near the horizon of black holes for dilaton-axion both for asymptotically flat and non-flat cases, by using the thin film brick wall model along with the generalized uncertainty principle. This method offers several advantages: First, there is no divergence of quantum number and free energy near the horizon, without any cutoff. This convergence is due to the GUP. Second, the thin layer [ H H + ε] near the horizon is neglected by the original brick wall model, which is usually considered the dominant contributor of entropy. So, obviously, the obtained results are more reasonable than that by the original brick wall model with the Heisenberg uncertainty principle. Then, applying the residue theorem, we give the final solutions of both cases' entropies which are proportional to the areas of the black hole horizons, respectively. When the parameter λ is 1 12π for both asymptotically flat and non-flat cases, measured in Planck lengths, the entropies obtained agree with the Bekenstein-Hawking area-entropy formula S = A 4 . Moreover for both cases, as λ is related to the cutoff ε and surface gravity κ through Eq. (27) and Eq. (42), respectively, it is implied that the cutoff at the horizon is exactly determined by the Hawking temperature.
